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Hypersurfaes of Lorentzian para-Sasakian
Manifolds
Selen Yüksel Perkta³, Erol Klç, Sadk Kele³
Abstrat. In this paper, we study the invariant and noninvariant hypersurfaes
of (1, 1, 1) almost ontat manifolds, Lorentzian almost paraontat manifolds
and Lorentzian para-Sasakian manifolds, respetively. We show that a nonin-
variant hypersurfae of an (1, 1, 1) almost ontat manifold admits an almost
produt struture. We investigate hypersurfaes of anely osympleti and
normal (1, 1, 1) almost ontat manifolds. It is proved that a noninvariant hy-
persurfae of a Lorentzian almost paraontat manifold is an almost produt
metri manifold. Some neessary and suient onditions have been given for
a noninvariant hypersurfae of a Lorentzian para-Sasakian manifold to be lo-
ally produt manifold. We establish a Lorentzian para-Sasakian struture for
an invariant hypersurfae of a Lorentzian para-Sasakian manifold. Finally we
give some examples for invariant and noninvariant hypersurfaes of a Lorentzian
para-Sasakian manifold.
M.S.C. 2000. 53C25, 53C42, 53C50.
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most Contat Manifolds, Lorentzian Almost Paraontat manifolds, Lorentzian
para-Sasakian Manifolds.
1 Introdution
Hypersurfaes of an almost ontat manifold have been studied by Blair [2℄,
Eum [5℄, Goldberg and Yano [7℄, Ludden [8℄ and the others. In 1970, Goldberg
and Yano [7℄ dened noninvariant hypersurfaes of almost ontat manifolds. A
hypersurfae suh that the transform of a tangent vetor of the hypersurfae by
the tensor ϕ dening the almost ontat struture is never tangent to the hyper-
surfae is alled a noninvariant hypersurfae of almost ontat manifold[7℄. The
authors [7℄ showed that a noninvariant hypersurfae of an almost ontat man-
ifolds admits an almost omplex struture and a distinguished 1-form indued
by the ontat form of the manifold. They also investigated the noninvariant
hypersurfae of an almost ontat metri manifold.
In 1976, Sato [13℄ studied a struture similiar to the almost ontat struture,
namely almost paraontat struture. In [1℄, T. Adati studied hypersurfaes of
an almost paraontat manifold. A. Buki [3℄ onsidered hypersurfaes of an
almost r-paraontat Riemannian manifold. Some properties of invariant hy-
persurfaes of an almost r-paraontat Riemannian manifold were investigated
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in [4℄ by A. Buki and A. Miernowski. Moreover, in [10℄, I. Mihai and K. Mat-
sumoto studied submanifolds of an almost r-paraontat Riemannian manifold
of P-Sasakian type.In [6℄ the authors studied invariant and noninvariant hyper-
surfaes of almost R-paraontat manifolds. Singh [14℄ dened (e1, e2, r) almost
ontat struture as a generalization of many known strutures, whih are ob-
tained by taking partiular values of (e1, e2) and r (see also [15℄). The study of
Lorentzian almost paraontat manifolds was initiated by Matsumoto in 1989
[9℄. Also he introdued the notion of Lorentzian para-Sasakian ( for short,
LP -Sasakian ) manifold. I. Mihai and R. Rosa [11℄ dened the same notion
independently and thereafter many authors [18, 12, 16, 17℄ studied LP -Sasakian
manifolds and their submanifolds.
In the present paper, we study invariant and noninvariant hypersurfaes of
(1, 1, 1) almost ontat manifolds, Lorentzian almost paraontat manifolds and
Lorentzian para-Sasakian manifolds, respetively. We investigate the invariant
hypersurfaes with two dierent onditions: when the harateristi vetor eld
ξ is everywhere tangent to the hypersurfaes and when the harateristi vetor
eld ξ does not belong to the tangent hyperplane of the hypersurfaes. Se-
tion 2 is devoted to preliminaries. In setion 3 we show that a noninvariant
hypersurfae of a (1, 1, 1) almost ontat manifold with the harateristi vetor
eld ξ nowhere tangent to the hypersurfae admits an almost produt stru-
ture. In setion 4 we study hypersurfaes of anely osympleti and normal
(1, 1, 1) almost ontat manifolds. In setion 5 it is proved that a noninvariant
hypersurfae of a Lorentzian almost paraontat manifold is an almost prod-
ut metri manifold. We also nd a neessary and suient ondition for a
noninvariant hypersurfae of a Lorentzian para-Sasakian manifold to be loally
produt manifold. In setion 5 we establish a Lorentzian para-Sasakian stru-
ture for an invariant hypersurfae of a Lorentzian para-Sasakian manifold with
the harateristi vetor eld ξ tangent to the hypersurfae. In the last se-
tion we give some examples for invariant and noninvariant hypersurfaes of an
(1, 1, 1) almost ontat manifold, a Lorentzian almost paraontat manifold and
a Lorentzian para-Sasakian manifold.
2 Preliminaries
Let M be an n-dimensional dierentiable manifold. If there exist a tensor eld
ϕ of type (1, 1), r-linearly independent vetor elds ξα and r 1-forms η
α
on M
suh that [15℄
ϕ(ξα) = 0,(2.1)
ϕ2 = e1I + e2η
α ⊗ ξα,(2.2)
where e1, e2 take values ±1 independently, I denotes the identity map of Γ(TM)
and ⊗ is the tensor produt, then the struture (ϕ, ξα, η
α) is said to be an almost
(e1, e2)-r-ontat struture or in short (e1, e2, r) a struture and the manifold
M with the (e1, e2, r) a struture is alled an (e1, e2, r) a manifold.
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Let M be an (e1, e2, r) a manifold. Then the following relations hold on M
[14℄:
ηα ◦ ϕ = 0,(2.3)
ηα(ξβ) = −e1e2δ
α
β ,(2.4)
rank(ϕ) = n− r.(2.5)
Now, onsider thatM is a (1, 1, 1) a manifold. ThenM admits a Lorentzian
metri g, suh that
η(X) = g(X, ξ),(2.6)
g(ϕX,ϕY ) = g(X,Y ) + η(X)η(Y ),(2.7)
for all X, Y ∈ Γ(TM). In this ase M is said to admit a Lorentzian almost
paraontat struture (ϕ, ξ, η, g). Then we get
Φ(X,Y ) ≡ g(X,ϕY ) ≡ g(ϕX, Y ) ≡ Φ(Y ,X),(2.8)
(∇XΦ)(Y , Z) = g(Y , (∇Xϕ)Z) = (∇XΦ)(Z, Y ),(2.9)
where ∇ is the Levi-Civita onnetion with respet to g. It is lear that
Lorentzian metri g makes ξ a timelike unit vetor eld, i.e, g(ξ, ξ) = −1. The
manifoldM equipped with a Lorentzian almost paraontat struture (φ, ξ, η, g)
is alled a Lorentzian almost paraontat manifold (for short LAP -manifold)
[9, 19℄.
A Lorentzian almost paraontat manifold M endowed with the struture
(ϕ, ξ, η, g) is alled a Lorentzian paraontat manifold ( for short LP -manifold)
[9℄ if
Φ(X,Y ) =
1
2
((∇Xη)Y + (∇Y η)X).(2.10)
A Lorentzian almost paraontat manifold M endowed with the struture
(ϕ, ξ, η, g) is alled a Lorentzian para Sasakian manifold ( for short LP -Sasakian)
[9℄ if
(∇Xϕ)Y = η(Y )X + g(X,Y )ξ + 2η(X)η(Y )ξ.(2.11)
We note that in a LP -Sasakian manifold the 1-form η is losed.
Let M ×R be a produt manifold, where M is an (1, 1, 1) a manifold. The
tensor eld J ′ of type (1, 1) on M ×R dened by
J ′(X, f
d
dt
) = (ϕX − fξ, η(X)
d
dt
),(2.12)
where f is a C∞ real-valued funtion and X ∈ Γ(TM), satises J ′2 = I and
thus provides an almost produt struture on M × R. If the indued almost
produt struture on M × R is integrable then the (1, 1, 1) a struture on M
is said to be normal [15℄. Sine the vanishing of the Nijenhius tensor [J ′, J ′]
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is a neessary and suient ondition for integrability, the ondition of the
normality in terms of Nijenhius tensor [ϕ, ϕ] of ϕ is (see [15℄)
[ϕ, ϕ] + dη ⊗ ξ = 0,(2.13)
where
(2.14) [ϕ, ϕ](X,Y ) = [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + ϕ2[X,Y ],
for all X,Y ∈ Γ(TM).
3 Non-Invariant Hypersurfaes of (1, 1, 1) a
Manifolds
Let M is a (1, 1, 1) a manifold. Consider an (n − 1)-dimensional manifold M
imbedded in M with the imbedding map
i :M →M,
and assume that for eah p ∈M the vetor ξi(p) does not belong to the tangent
hyperplane of the hypersurfae. Then we have
(3.1) ϕi∗X = i∗JX + α(X)ξ,
where J is a tensor eld of type (1, 1) , α is a 1-form on M and i∗ is the
dierential of the immersion i of M into M. If α 6= 0, then the submanifold
i(M) is alled a noninvariant hypersurfae of M . On the other hand, if the
1-form α vanishes, i(M) is alled an invariant hypersurfae of M (see [7℄). A
hypersurfae may, of ourse, be neither invariant nor noninvariant. Throughout
this setion, unless speied otherwise i(M) will be a noninvariant hypersurfae
of the (1, 1, 1) a manifold M.
Theorem 3.1 If M is a noninvariant hypersurfae of a (1, 1, 1) a manifold M
with ξ nowhere tangent to M , then M admits an almost produt struture.
Proof. By applying ϕ to (3.1) and using (2.1)-(2.4), we have
(3.2) i∗X + η(i∗X)ξ = i∗(J
2X) + α(JX)ξ.
Then from (3.1), we get
J2X = X
and
(3.3) α(JX) = η(i∗X) = i
∗(ηX),
where X ∈ Γ(TM) and i∗ is the dual map of i∗. Thus J ats as an almost
produt struture on M .
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If we dene a 1-form Cα on M by Cα(X) = α(JX) then from (3.3) we an
write
Cα = i∗η.
Thus, the hypersurfae M admits a 1-form α whose vanishing means that the
tangent hyperplane of the hypersurfae is invariant under ϕ.
Now, let ∇ be a symmetri ane onnetion on M and dene an ane
onnetion ∇ on M with respet to the ane normal ξ by
(3.4) ∇i∗X i∗Y = i∗∇XY + h(X,Y )ξ,
where h is a symmetri tensor eld of type (0,2) onM whih is alled the seond
fundamental form of M with respet to ξ.
Suppose that the (1, 1, 1) a struture is normal. Then, the torsion eld S
of type (1, 2) on M whih is dened by
(3.5) S(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + ϕ2[X,Y ] + dη(X,Y )ξ,
for all X,Y ∈ Γ(TM), vanishes. By taking Y = ξ in (3.5), we get
Lξϕ = 0 and Lξη = 0,
where Lξ is the Lie derivative operator with respet to ξ. From (3.5) the tensor
eld S is also expressed by
S(X,Y ) = ∇ϕX(ϕY )−∇ϕY (ϕX)− ϕ(∇ϕXY −∇Y (ϕX))
−ϕ(∇X(ϕY )−∇ϕYX) + ϕ
2(∇XY −∇YX)(3.6)
+(∇Xη(Y )−∇Y η(X)− η([X,Y ]))ξ,
or
S(X,Y ) = (∇ϕXϕ)Y − (∇ϕY ϕ)X + ϕ(∇Y ϕ)X − ϕ(∇Xϕ)Y(3.7)
+[(∇Xη)Y − (∇Y η)X ]ξ.
By using (3.1) and (3.4), we obtain
S(i∗X, i∗Y ) = i∗[J, J ](X,Y ) + Lξϕ{α(X)i∗Y − α(Y )i∗X}(3.8)
+{dα(JX, Y ) + dα(X, JY )− 2i∗η([X,Y ])}ξ
Therefore, we have
Theorem 3.2 A noninvariant hypersurfae of a normal (1, 1, 1) a manifold
M is a loally produt manifold whih has a 1-form α = C−1i∗η suh that its
dierential satises
(3.9) dα(JX, Y ) + dα(X, JY ) = 2Cα([X,Y ]).
Corollary 3.3 An invariant hypersurfae of a (1, 1, 1) a manifold is an almost
produt manifold. If the (1, 1, 1) a manifold is normal, then the almost produt
struture is integrable.
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Theorem 3.4 Let ξ be an innitesimal automorphism of the (1, 1, 1) a man-
ifold M . If, for every noninvariant hypersurfae, the indued almost produt
struture J is integrable and the dierential of the indued 1-form α = C−1i∗η
satises (3.9) then M is normal.
4 Hypersurfaes of anely osympleti and
normal (1, 1, 1) a manifolds
Let M be a (1, 1, 1) a manifold with a symmetri ane onnetion ∇ and ∇
denotes the indued onnetion on the noninvariant hypersurfaeM . If we write
(4.1) (∇X i∗)Y = ∇i∗X i∗Y − i∗(∇XY ),
then the Gauss and Weingarten equations are
(4.2) (∇X i∗)Y = h(X,Y )ξ, h(X,Y ) = h(Y,X),
and
(4.3) ∇i∗Xξ = −i∗AX + w(X)ξ,
where h and A are the seond fundamental tensors of type (0, 2) and (1, 1),
respetively of M with respet to ξ, and w is a 1-form on M dening the
onnetion on the ane normal bundle.
By using (3.1), (4.2) and (4.3) we get
(∇i∗Xϕ)i∗Y = ∇i∗Xϕi∗Y − ϕ(∇i∗X i∗Y )
= [h(X, JY ) + (∇Xα)(Y ) + w(X)α(Y )]ξ(4.4)
+i∗[(∇XJ)Y − α(Y )AX ].
Then we will investigate the following two ases:
Case I : Let M be an anely osympleti (1, 1, 1) a manifold, that is,
M be a (1, 1, 1) a manifold with a symmetri ane onnetion ∇ suh that
(4.5) ∇ϕ = 0, ∇η = 0.
From (3.7) we an easily see that an anely osympleti (1, 1, 1) a manifold
is normal. Also by using (2.1) and (2.2), we an show that (4.5) implies that
∇ξ = 0.
Therefore, by (4.3), we have
AX = 0 and w(X) = 0.
Moreover, sine ∇ϕ = 0 then from (4.4) we have
∇J = 0
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and
(∇Xα)(Y ) = −h(X, JY ).
Case II : Let M be a normal (1, 1, 1) a manifold suh that ϕ = ∇ξ. Then
by using (3.1) and (4.3), we have
i∗JX + α(X)ξ = −i∗AX + w(X)ξ
that is
J = −A
and
α = w.
If AX = 0, for all X ∈ Γ(TM), then from (4.3) it is obvious that ∇i∗Xξ and
ξ are propotional. So ane normals are parallel along the hypersurfae. In this
ase, the hypersurfae M is said to be totally at.
Proposition 4.1 Let M be a noninvariant hypersurfae of an anely osym-
pleti (1, 1, 1) a manifold. Then M is totally at and
∇J = 0,
(∇Xα)(Y ) = −h(X, JY ),
w = 0.
Corollary 4.2 Let M be an invariant hypersurfae of an anely osympleti
(1, 1, 1) a manifold. Then
∇J = 0,
h = 0,
w = 0.
Proposition 4.3 Let M be a noninvariant hypersurfae of a normal (1, 1, 1)
a manifold suh that ϕ = ∇ξ. Then
J = −A
and
α = w.
5 Hypersurfaes of Lorentzian almost
paraontat manifolds
A (1, 1, 1) a manifold M admitting a Lorentzian metri g suh that
g(X, ξ) = η(X))(5.1)
g(X,ϕY ) ≡ g(ϕX, Y ),(5.2)
where X,Y ∈ Γ(TM), is alled Lorentzian almost paraontat manifold and
denoted by (M,ϕ, η, g).
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Proposition 5.1 Let (M,J, α, g) be a noninvariant hypersurfae of (M,ϕ, η, g)
where g is the indued metri on M , that is, i∗g = g. Then the hypersurfae
(M,J, α, g) admits an almost produt metri
G = g + α⊗ α.(5.3)
Proof. From (5.2), we an write
(5.4) g(ϕi∗X, i∗Y ) = g(ϕi∗X, i∗Y ).
By using (2.1) in (5.4), we obtain
(5.5) g(i∗JX, i∗Y ) + α(X)η(i∗Y ) = g(i∗X, i∗JY ) + α(Y )η(i∗X).
The indued metri g on (M,J, α) an be dened by
g(X,Y ) = g(i∗X, i∗Y ).
So if we use (3.3) and (5.4) in (5.5), then we have
g(JX, Y ) + α(X)Cα(Y ) = g(X, JY ) + α(Y )Cα(X),
that is,
(g + α⊗ α)(JX, Y ) = (g + α⊗ α)(X, JY ).
If we denote g + α⊗ α by G, the proof is ompleted.
Corollary 5.2 A noninvariant hypersurfae of a Lorentzian almost paraontat
manifold is an almost produt metri manifold.
Now, let dene 2-forms
Φ(X,Y ) = g(ϕX, Y ), X,Y ∈ Γ(TM)
and
Ω(X,Y ) = G(JX, Y ), X, Y ∈ Γ(TM).
Φ and Ω are alled the fundamental forms of the Lorentzian almost paraontat
manifold (M,ϕ, η, g) and the submanifold (M,J,G) of M , respetively. Then
we have
Lemma 5.3 Let Φ and Ω are the fundamental forms of (M,ϕ, η, g) and
(M,J, α,G), respetively. Then
(5.6) i∗Φ = Ω− Cα ∧ α.
Proof. For X,Y ∈ Γ(TM), by using denitions of the fundamental forms, (3.1)
and (5.3), we get
Φ(i∗X, i∗Y ) = Ω(X,Y )− (Cα ∧ α)(X,Y ).
Hene, we obtain
i∗Φ(X,Y ) = (Ω− Cα ∧ α)(X,Y ).
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Theorem 5.4 Let (M,J, α,G) be a noninvariant hypersurfae of the Lorentzian
para-Sasakian manifold (M,ϕ, η, g). Then
(a) J = −A,
(b) α = w.
Proof. Sine (M,ϕ, η, g) is a Lorentzian para-Sasakian manifold, we have
∇i∗Xξ = ϕi∗X.
By using (4.3) and (3.1), we get
−i∗AX + w(X)ξ = i∗JX + α(X)ξ
whih gives
J = −A and α = w.
Theorem 5.5 IfM is a noninvariant hypersurfae of a Lorentzian para-Sasakian
manifold (M,ϕ, η, g), then
(a) (∇XJ)(Y ) = α(Y )JX − Cα(Y )X,
(b) g(i∗X, i∗Y ) + 2Cα(X)Cα(Y ) = h(X, JY ) + (∇Xα)(Y ) + α(X)α(Y ).
Proof. By using (3.1) and (4.1) we obatin
(∇i∗Xϕ)(i∗Y ) = [i∗(∇XJ)(Y ) + α(Y )i∗JX ](5.7)
+[h(X, JY ) + (∇Xα)(Y ) + α(X)α(Y )]ξ.
On the other hand, sine (M,ϕ, η, g) is a Lorentzian para-Sasakian manifold,
from (2.11) we also have
(5.8) (∇i∗Xϕ)(i∗Y ) = η(i∗Y )i∗X + g(i∗X, i∗Y )ξ + 2η(i∗X)η(i∗Y )ξ.
By onsidering Cα = i∗η and equating the omponents of (5.7) and (5.8), we
get (a) and (b) in the theorem.
As an immediate onsequene we have the following:
Corollary 5.6 Let M be a noninvariant hypersurfae of the Lorentzian para-
Sasakian manifold (M,ϕ, η, g) with the indued almost produt struture J. Then
M is a loally produt manifold if and only if
(5.9) α(Y )JX = α(JY )X.
Now, let M be a (1,1,1) a manifold and M be an invariant hypersurfae
of M. Assume that for eah p ∈ M the vetor ξi(p) belongs to the tangent
hyperplane of the hypersurfae. For an invariant hypersurfae of a (1, 1, 1) a
manifold we an write
(5.10) ϕi∗X = i∗ψX,
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where ψ is a tensor of type (1,1) on the hypersurfae M and X ∈ Γ(TM).
Applying ϕ to the both sides of the equation (5.10), we get
(5.11) i∗ψ
2X = ϕ2i∗X = i∗X + η(i∗X)ξ.
If we denote
(5.12) i∗ξ
∗ = ξ
and
(5.13) η∗(X) = η(i∗X),
then we have
(5.14) ψ2X = X + η∗(X)ξ∗.
Furthermore,
η∗(ψX) = η(i∗ψX) = η(ϕi∗X) = 0,(5.15)
η∗(ξ∗) = η(i∗ξ
∗) = η(ξ) = −1(5.16)
and
i∗ψξ
∗ = ϕi∗ξ
∗ = ϕξ = 0,
that is
(5.17) ψξ∗ = 0.
Thus we have,
Theorem 5.7 Let M be an invariant hypersurfae of a (1, 1, 1) a manifold
(M,ϕ, η, ξ) and ξ ∈ Γ(TM). ThenM is a (1, 1, 1) a manifold with the struture
(ψ, ξ∗, η∗) where i∗ξ
∗ = ξ and η∗(X) = η(i∗X), for all X ∈ Γ(TM).
Theorem 5.8 Let M be an invariant hypersurfae of a (1, 1, 1) a manifold
(M,ϕ, η, ξ) with ξ ∈ Γ(TM). If M is normal, then M is also normal.
Proof. By using (3.5), we an write
S(i∗X, i∗Y ) = [ϕ, ϕ](i∗X, i∗Y ) + dη(i∗X, i∗Y )ξ
= [ϕi∗X,ϕi∗Y ]− ϕ[ϕi∗X, i∗Y ]− ϕ[i∗X,ϕi∗Y ](5.18)
+ϕ2[i∗X, i∗Y ] + dη(i∗X, i∗Y )ξ.
for all X,Y ∈ Γ(TM). If we use (5.10), (5.12) and (5.13) in (5.18), we get
S(i∗X, i∗Y ) = i∗ψ
2[X,Y ] + [i∗ψX, i∗ψY ]− i∗ψ[X,ψY ]− i∗ψ[ψX, Y ]
+{(i∗X)(η
∗(Y ))− (i∗Y )(η
∗(X))− η∗([X,Y ])}i∗ξ
∗
= i∗{[ψ, ψ](X,Y ) + dη
∗(X,Y )ξ∗}.
Hene, we have the assertion of the theorem.
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Theorem 5.9 LetM be an invariant hypersurfae of a Lorentzian almost para-
ontat manifold (M,ϕ, η, g) where ξ ∈ Γ(TM). Then M is also a Lorentzian
almost paraontat manifold.
Proof. From Theorem 5.7. it follows that an invariant hypersurfae M of M
is a (1, 1, 1) a manifold with the struture (ψ, ξ∗, η∗). Let g∗ be the indued
metri on M . Then we have
(5.19) g∗(ψX,ψY ) = g(i∗ψX, i∗ψY ) = g(ϕi∗X,ϕi∗Y ).
Sine M is a Lorentzian almost paraontat manifold, then by using (5.13) in
(5.19) we get
(5.20) g∗(ψX,ψY ) = g∗(X,Y ) + η∗(X)η∗(Y ).
Moreover,
(5.21) g∗(X, ξ∗) = g(i∗X, i∗ξ
∗) = η(i∗X) = η
∗(X),
whih ompletes the proof.
Theorem 5.10 Let (M,ϕ, η, g) be a Lorentzian para Sasakian manifold.Then
an invariant hypersurfae with ξ ∈ Γ(TM) of M is also a Lorentzian para
Sasakian manifold.
Proof. Let M be a Lorentzian para-Sasakian manifold. Then we have
∇i∗Xξ = ϕi∗X,
where ∇ is a Levi-Civita onnetion with respet to g. From (5.10) and (5.12),
we an write
∇i∗X i∗ξ
∗ = i∗ψX.
By using (3.4) in the last equation, we obtain
i∗∇Xξ
∗ + h(X, ξ∗)N = i∗ψX,
where ∇ is the indued onnetion on M and N is normal to M. If we onsider
normal and tangent omponents of above equation we get
∇Xξ
∗ = ψX,
h(X, ξ∗) = 0.
Sine M be a Lorentzian para Sasakian manifold from (2.11), we have
(5.22) (∇i∗Xϕ)i∗Y = η(i∗Y )i∗X + g(i∗X, i∗Y )ξ + 2η(i∗X)η(i∗Y )ξ,
for all X,Y ∈ Γ(TM). By using (5.10), (5.12) and (5.13) in (5.22), we obtain
(5.23) (∇i∗Xϕ)i∗Y = i∗{η
∗(Y )X + g(X,Y )ξ∗ + 2η∗(X)η∗(Y )ξ∗}.
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On the other hand, from (3.4) and (5.10), one an get
(∇i∗Xϕ)i∗Y = ∇i∗Xϕi∗Y − ϕ(∇i∗X i∗Y )
= ∇i∗X i∗ψY − ϕ(i∗∇XY + h(X,Y )N)
= i∗(∇XψY − ψ(∇XY )) + h(X,ψY )N − h(X,Y )ϕN,(5.24)
where ∇ is the indued onnetion on M and N is normal to M.By equating
right hand sides of equations (5.23) and (5.24), we have
(∇Xψ)Y = η
∗(Y )X + g(X,Y )ξ∗ + 2η∗(X)η∗(Y )ξ∗.
This ompletes the proof.
6 Examples
Example 6.1 LetM , be the 5-dimensional real number spae with a oordinate
system (x, y, z, t, s). Dening
η = ds− dx− dz , ξ = −
∂
∂s
,
ϕ
(
∂
∂x
)
= −
∂
∂x
−
∂
∂s
, ϕ
(
∂
∂y
)
= −
∂
∂y
,
ϕ
(
∂
∂z
)
= −
∂
∂z
−
∂
∂s
, ϕ
(
∂
∂t
)
= −
∂
∂t
, ϕ
(
∂
∂s
)
= 0 ,
the set (ϕ, ξ, η) beomes a (1, 1, 1) a struture in M .
Let M1 be a hypersurfae of M whih is given by s = x with the imbedding
map i :M1 →M . Then
{u1 = (1, 0, 0, 0, 1), u2 = (0, 1, 0, 0, 0), u3 = (0, 0, 1, 0, 0), u4 = (0, 0, 0, 1, 0)}
is a loal basis for the tangent hyperplane of M1 and N1 = (1, 0, 0, 0,−1) is
the normal vetor eld of the hypersurfae. It is obvious that the harateristi
vetor eld ξi(p), p ∈ M1, does not belong to the tangent hyperplane of M1. A
tangent vetor eld of the hypersurfae an be written by X ≡ i∗X = f1u1 +
f2u2 + f3u3 + f4u4 for some smooth funtions fi, 1 ≤ i ≤ 4, on M . Then we
have
ϕi∗X = −f1u1 − f2u2 − f3u3 − f4u4 + f3ξ
whih shows that M1 is a noninvariant hypersurfae of M .
Now let us onsider the hypersurfae M2 of the (1, 1, 1) a manifold M den-
ing by x = y and let i : M2 →M be the imbedding map of M2 into M . In this
ase the set
{v1 = (1, 1, 0, 0, 0), v2 = (0, 0, 1, 0, 0), v3 = (0, 0, 0, 1, 0), v4 = (0, 0, 0, 0, 1)}
is a loal basis for the tangent hyperplane and N2 = (1,−1, 0, 0, 0) is the nor-
mal vetor eld of M2. The harateristi vetor eld belongs to the tangent
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hyperplane of the hypersurfae. For any tangent vetor eld X ≡ i∗X =
h1v1 + h2v2 + h3v3 + h4v4 of the hypersurfae we have
ϕi∗X = −h1v1 − h2v2 − f3v3 + (h1 + h2)ξ(6.1)
where hi, 1 ≤ i ≤ 4, are some smooth funtions on M2. From (6.1) we see that
that M2 is an invariant hypersurfae of M .
Example 6.2 Let M be the 5-dimensional real number spae with a oordinate
system (x, y, z, t, s). In M we dene
η = ds− dx , ξ = −
∂
∂s
,
ϕ
(
∂
∂x
)
=
∂
∂x
+
∂
∂s
, ϕ
(
∂
∂y
)
=
∂
∂y
,
ϕ
(
∂
∂z
)
=
∂
∂z
, ϕ
(
∂
∂t
)
=
∂
∂t
, ϕ
(
∂
∂s
)
= 0 ,
g = (dx)2 + (dy)2 + (dz)2 + (dt)2 − η ⊗ η.
Then (ϕ, ξ, η, g) is a Lorentzian almost paraontat struture in M .
Let M be a hypersurfae of M whih is dened by s = x with the imbedding
map i :M →M . Then the set
{u1 = (1, 0, 0, 0, 1), u2 = (0, 1, 0, 0, 0), u3 = (0, 0, 1, 0, 0), u4 = (0, 0, 0, 1, 0)}
is a loal basis for the tangent hyperplane of M and N = (1, 0, 0, 0,−1) is the
normal vetor eld of the hypersurfae. Sine ξi(p) =
1
2 (u1 − N)i(p), it an be
easily seen that the harateristi vetor eld ξi(p), p ∈ M , does not belong to
the tangent hyperplane of M . Moreover, sine ϕu1 = u1, ϕu2 = u2, ϕu3 =
u3, ϕu4 = u4, then M is an invariant hypersurfae of M with the harateristi
vetor eld ξi(p), p ∈M , whih does not belong to the tangent hyperplane of the
hypersurfae.
Example 6.3 Let M be the 3-dimensional real number spae with a oordinate
system (x, y, z). If we dene
η = dz , ξ = −
∂
∂z
,
ϕ
(
∂
∂x
)
= −
∂
∂x
, ϕ
(
∂
∂y
)
= −
∂
∂y
, ϕ
(
∂
∂s
)
= 0,
g = (dx)2 + (dy)2 − η ⊗ η.
on M , then (ϕ, ξ, η, g) is a Lorentzian almost paraontat struture in M .
Assume that M be a surfae of M given by x = arcsin y with the imbedding
map i :M →M . Then
{u1 = (1,
√
1− y2, 0), u2 = (0, 0, 1)}
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forms a loal basis for the tangent plane of M and N = (
√
1− y2,−1, 0) is the
normal vetor eld of the surfae. For any tangent vetor eld X of the surfae
we have
ϕi∗X = −f1u1(6.2)
where X ≡ i∗X = f1u1 + f2u2 for some smooth funtions f1, f2 on M . From
(6.2) we obtain that M is an invariant surfae of M with the harateristi
vetor eld ξi(p), p ∈M , belonging to the tangent plane of the surfae.
Example 6.4 Let M = R3 be the 3-dimensional real number spae with a o-
ordinate system (x, y, z). We dene
η = dz, ξ = −
∂
∂z
,
ϕ(
∂
∂x
) =
∂
∂x
, ϕ(
∂
∂y
) = −
∂
∂y
, ϕ(
∂
∂z
) = 0 ,(6.3)
g = e−2z(dx)2 + e2z(dy)2 − (dz)2.
Then (ϕ, ξ, η, g) is a Lorentzian para-Sasakian struture on M .
Let M1 be a surfae of M with the imbedding map i : M1 → M whih is
given by
z = x+ y.
Then u1 = (1, 0, 1), u2 = (0, 1, 1) is a loal basis for the tangent plane of the
surfae. The vetor eld
N = (e2(x+y), e2(x+y), 1)
is a normal vetor eld of M1. Sine
ξ = −
1
e2(x+y) + e−2(x+y) − 1
((e2(x+y))u1 + (e
−2(x+y))u2 −N)
then for eah p ∈ M1 the harateristi vetor eld ξi(p) does not belong to the
tangent plane of the surfae. A tangent vetor eld of the surfae an be written
by X ≡ i∗X = f1u1 + f2u2 for some smooth funtions f1, f2 on M . By using
(6.3) we have
ϕi∗X = f1u1 − f2u2 + (f1 − f2)ξ.(6.4)
From (3.1) and (6.4) we get
i∗JX = f1u1 − f2u2
and
α(X) = f1 − f2
where J ats an almost produt struture on M1. Consequently, M1 is a non-
invariant surfae of the Lorentzian para-Sasakian manifold M with ξ nowhere
tangent to M1.
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Let M2 be another surfae of M whih is given by
x = arctan y.
Then v1 = (
1
1+y2 , 1, 0), v2 = (0, 0, 1) forms a loal orthogonal basis for the tan-
gent plane of the surfae and
N = (e2z ,−
1
1 + y2
e−2z, 0)
is a normal vetor eld of M2. It is obvious that the harateristi vetor eld
of the manifold belongs to the tangent plane of M2. For any tangent vetor
eld i∗Y ≡ Y of the surfae where i : M2 → M is an imbedding map into the
Lorentzian para-Sasakian manifold M we an write i∗Y = γ1v1 + γ2v2 for some
smooth funtions γ1, γ2 on M2. By using (6.3) we have
ϕi∗Y = −γ1(v1 −
2(1 + y2)
(1 + y2)2e2z − e−2z
N).
whih shows that M2 is a noninvariant surfae of the Lorentzian para-Sasakian
manifold M with ξ tangent to the surfae.
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